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ABSTRACT
Given a prime ideal P in a noetherian ring R we examine the following
two properties: (1) P is Ore localizable. (2) The completion of R at
P is Noetherian. For rings satisfying the 2nd layer condition a strong
connection is discovered between (1) and (2) and consequently questions
by Goldie and McConnell are answered. As a corollary we also obtain a
new characterization for non-maximal primitive ideal P in R to satisfy (1),
where R is the enveloping algebra of complex solvable finite dimensional

Lie algebra

1. Introduction

Localization and completion at a prime ideal of a commutative ring are very
basic and important techniques. Goldie [G] initiated a study of the completion
at a prime ideal P of a non-commutative Noetherian ring R, primarily in order
to compensate for the lack of Ore localizability at P. A natural question which
he raised was: when is lim; R/P® Noetherian? Furthermore, the question of
relating Noetherian comple‘gion to the Ore localizability at the prime ideal P was
left open. In [D, p. 196] McConnell made this question more explicit by asking
whether the localizability at a prime ideal P is related to the Noetherian property
of lim; R/ P*. Related examples were given by McConnell [Mcl1], Jordan [J1], and
Small-Stafford [s%.
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The purpose of the present paper is to explore the possible connection between
these two notions. Surprisingly they are strongly related. One of our main
positive results is the following Theorem.

THEOREM 2.4: Let R be a Noetherian ring with the 2nd layer condition and P
a prime ideal in R satisfying

(1) R/P is semi-primitive,

(2) P C N, where N is a localizable semi-prime ideal,

(3) lim;R/P? is Noetherian.

Then P is (Ore) localizable.

Remarks 1: For the notion of “2nd layer condition” (s.l.c. in short) we refer
the reader to [GW] or [Ja]. We remark that Noetherian P.I. rings and enveloping
algebras of solvable finite dimensional Lie algebras over C, both satisfy s.l.c.

2. A similar theorem for a semi-prime “homogeneous” ideal P is given in the
paper.

3. Examples in Section 3 show that one cannot drop any of the conditions in
Theorem 2.4.

4. Condition (2) can be avoided in case R is a P.I. ring and R = T(R), the
trace ring of R (Theorem 3.7).

Our next result is a consequence of Theorem 2.4.

THEOREM 2.6: Let g be a finite dimensional complex solvable Lie algebra and
R = Ug its enveloping algebra. Let P be a non-maximal primitive ideal in R.
Then the following conditions are equivalent:
(1) P is localizable,
(2) lim;R/P* = R is Noetherian and P is strictly contained in a localizable
p;‘—ime ideal of R.

Theorem 2.5 is a similar theorem to Theorem 2.4, with essentially the same
proof, which deals with the (weak, topological) AR property. Using Theorem 2.5
one is able to characterize the AR property of an ideal, in a Noetherian P.I. ring,
in terms of completion as follows:

THEOREM 4.6: Let R be a local Noetherian P.I. ring and I an ideal in R. Then
the following are equivalent:
(1) I satisfies the AR property,
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(2) lim; R(t)/I'(t) is Noetherian.

Remarks: 1. We recall that by [RSS], S = {f € R[t] | f is monic} is an Ore set
in R[t] and R(t) = R[t]s is a Jacobson ring.

2. A more elaborate version for R semi-local can be obtained.

3. This result should be compared with a result of Goldie {G] where a stronger
assumption: gr(I) being Noetherian, implies that I satisfies the strong AR prop-
erty.

We now discuss possible converses to Theorem 2.4: Suppose that P is local-
izable, is the P-adic completion R Noethérian? Firstly we recall the following
result:

THEOREM ([B1, Theorem 14])): Let R be a left Noetherian P.I. ring and P a
maximal ideal in R. Then lim;R/P* is left Noetherian.

The next step will naturally be K.dim R/P = 1, as shown in the next theorem.

THEOREM 5.1: Let R be a left Noetherian P.I. ring and P a prime ideal in R.
Suppose that

(1) P is a finitely generated right R-module,

(2) K.dim R/P =1,

(3) P is left localizable.
Then R = lim;R/P" is left Noetherian.

Combined with Theorem 2.4 this leads to the following characterization of a
localizable prime P with K.dim R/P = 1.

THEOREM 5.7: Let R be a Noetherian P.I. ring and P a prime ideal in R with
K.dim R/P = 1. Then the following are equivalent.
(1) P is localizable.
(2) (i) P[t] C N, N is a localizable semi-prime ideal in R[t], and
(i) lim;R[t]/P*[t] is Noetherian.

Remarks: 1. P[t] C N can be replaced by P[t] C N.

2. If R = T(R), then (i) and K.dim R/P =1 are superfluous.

3. Instead of using R[t] we could of course have assumed that R/P is semi-
primitive.

The next step is therefore K.dim R/P = 2. Here, unfortunately, we face the
following counterexample:
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Example 6.6: There exists a prime Noetherian affine P. I. ring which is a finite
module over its center and a localizable prime ideal P in R satisfying:
(1) p.ideg(R/P) = p.ideg(R).
(2) K.dim R/P = 2.
(3) lim; R/P* is not Noetherian (neither left nor right).
(4) P‘—C N where N is a maximal and localizable ideal.
(5) P does not satisfy the AR property in R and Py does not satisfy the AR
property in Ry.
(6) Ry is a prime local Noetherian P.I. ring which is a finite module over its
center and lim; Ry /Py is not Noetherian.

Remark: Example 6.6 provides a counterexample to a question of Jordan
[J2, Remark 2, p. 233].

When summing up the answers to the questions raised at the beginning, we
see that in case K.dim R/P = 0, the Noetherian property of R is weaker
than the localizability of P. When K.dim R/P = 1, then the localizability
of P is equivalent (under mild assumptions) to R being Noetherian. Now if
K.dim R/P = 2, the localizability of P is a much weaker property than the
Noetherian property of R.

The paper is organized as follows. In Section 1 we have, in addition to the
introduction, some definitions and preliminaries. In Section 2 we prove Theorems
2.4, 2.5 and 2.6. Section 3 provides examples showing that the assumptions of
Theorem 2.4 cannot be weakened. We also prove here (Theorem 3.7), in the
case where T'(R) = R, an improved version of Theorem 2.4. We also prove some
general results concerning localization (Propositions 3.5 and 3.6). In Section 4
we prove Theorem 4.6. Section 5 is devoted to the proofs of Theorems 5.1 and
5.7. In Section 6 we construct Example 6.6.

‘We now recall some definitions and notations. For standard unexplained ter-
minology we refer to [Mc-R], [GW] and [Ro]. We recall that the prime ideals
P, Q are said to be linked, and this relation is denoted by P ~» @Q, if there exists
an ideal A with PQ C A C PN @, and such that PN Q/A is a left torsionfree
R/P-module as well as a right torsionfree R/Q-module (e.g. [GW]). By the term
Noetherian we always mean (unless specified otherwise) left and right Noether-
ian. By K.dim R we always denote the classical Krull dimension of R. For a

Noetherian P.I. ring this is equal to the usual Krull dimension. We shall denote
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by R = lim; R/I* and remark that this is defined in the cases where [, I' # {0}

by looking at R = R/, I*, I = I/, I* and taking R=R Finally, A C B
means that A is properly contained in B.

2. Noetherian completion implies localizability

The main purpose of this section is to prove Theorems 2.4, 2.5 and 2.6. We

begin with a lemma which will enable us to reduce the problem to the case
N, P = {0}.

LEMMA 2.1: Let R be a Noetherian ring satisfying the s.l.c., and P a prime ideal
in R. Suppose that

(1) P C N, N a localizable semi-prime ideal in R,

(2) P/, P" is left localizable in R/, P™.
Then P is left localizable in R.

Proof: Let I = {z € R| txs = 0 for some ¢,s € C(N)}. It is an easy exercise,
using the right and left Ore condition of C(N), to show that I is a two-sided
ideal in R. Let V be a prime ideal in R with P ~» V. By definition there exists
an ideal Ain R, PV C AC PNV and PnV/Ais R/P — R/V torsionfree
bimodule. It is easy to see, using [GW, 12.17], that C(N) C (V). Consequently
I C PNV and therefore I C A. Next, since C(N) consists of regular elements
in R/I we have R/I C (R/I)g, the latter being the localization of R/I with
respect to C(N/I). Consequently by Jategaonkar’s Theorem [GW, Theorem 12.8]
we have that (), N = {0}. Hence P = P/I satisfies ], P* = {0} and therefore
(; P* C I. Consequently, using I C A, the link PNV/A is preserved in R/ (1}, P".
However, by the léft localizability of P/ (), P™ and [GW, Theorem 12.21], we
have that P/, P* = V/(, P™ and therefore P = V. Again, this shows by
[GW, Theorem 12.21] that P is left localizable. ]

Remark: As seen before, the implication: “P ~» V = P = V”, shows, by
[GW, Theorem 12.21}, that P is left localizable; and this is frequently used in
this paper.

PROPOSITION 2.2: Let R be a Noetherian ring satisfying s.l.c. and P a prime
ideal in R. Let N be a localizable semiprime ideal in R satisfying C(N) C C{P)
and denote by X (P) the clique of P. Then

(1) N, (N*+ Q) = Q, for each Q € X(P).
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(2) Let P1,P, € X(P) and A an ideal in R satisfying PP, C A C Py N Py,
with P, N Py/A is R/ Py — R/ P, torsionfree. Then (),(N* + A) = A.

Proof: By [GW, Lemma 12.17] we have that C(N) C C(Q) holds for every
Q € X(P). Let P, P, € X(P) with P ~ P,. Hence there exists an ideal A
in R satisfying PLP, C AC PPN P, and PN Py/A is a R/P, — R/ P, torsion-
free bimodule. Hence R = R/A has an Artinian quotient ring with Cz(0) =
C(P;)NC(P;). Consequently, since C(N) € C(P1)NC(P;), we have that R C Ry,
the latter being a semilocal ring satisfying s.l.c. So by Jategaonkar’s Theorem
[GW, Theorem 12.8] we have that (), Ni = {0}. Consequently, N, N* = {0},
that is [),(N* + A) = A. This proves (2). Also Ny = Jac(Ry) so Ny projects
into the Jacobson radical of every homomorphic image of Ry. Consequently
every ideal in Ry is closed with respect to the topology induced by {N%}. Let
Q € X(P). In particular Qx =(;(Qx + N%). Hence

Q=QrnR=[\@r+NRINR2(YC+N)2Q,

which implies that @ = (,(@ + N*), that is @ = (1,(Q + N?). [

We collect here, for the sake of completeness, several standard results about

completions.

LEMMA 2.3: Let I, J and P be ideals of the ring R. Suppose P is right (or left)
finitely generated. Let R = lim R/ P*. Then
(1) IJc 1J, where I (respectively J) is the closure of I (respectively J) in R.
(2) (P)" = P* = RP™ = PR for each n.
(3) P C Jac(R).

Proof: First we prove (1). Let z € I, yeJ. Thenz =limz,, zn €I, y =
limy,, yn € J, where x — z,, € Pm. We have

TY — Tn¥Yn = (Y — Yn) + (T — Tp)yn € RP™+ PrRC Pn,  for each n.

Hence, since x,y, € IJ for each n, we get zy € 1J.

Next we observe that by [Ro, Vol. I, p. 118] Pn = RP™ for each n. Conse-
quently P* C (P)". The other inclusion follows from (1).

Finally (3) is proved in [Ro, Vol. I, p. 117].

We are able now to prove the following:
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THEOREM 2.4: Let R be a Noetherian ring satisfying s.l.c. and P a prime ideal.
Suppose that

(1) R/P is semiprimitive,

(2) P C N, when N is a localizable semi-prime ideal in R,

(3) lim;R/P* is Noetherian.

Then I;_ is localizable.

Proof: By Lemma 2.1, we may assume that (), P* = {0}. Hence R C R =
lim;R/P™. Let Q be a prime ideal satisfying P ~» Q. Let PQ C A C PN Q
w?th PNQ@J/A a R/P — R/Q torsionfree bimodule. By Proposition 2.2 we have
M;(A+ N%) = A and ,(N? + Q) = Q. Consequently A = [,(A + P?) satisfies
ANR = A and likewise Q"R = Q. Clearly PN R = P. Let B= PnQ/A.
Then BN (R/A) = PN Q/A. Now by Lemma 2.3, PQ C PQ C A, which implies
that f-annz B 2 P and r-anng B D Q. Also BN (R/A) = PN Q/A implies that
(-annpB) N R C -anngPNQ/A = P.

Since R/P & IAZ/IA’, we must have, using f-anngB D P, that f-annp B = P.
Similarly (r-annzB)NR C Q. However, QNR = Q implies that (r-ann;B)NR =
Q. Observe that R/P = R/P is a Noetherian ring satisfying the s.l.c. So by
applying [GW, Lemma 12.3] to the R/P — R/Q bimodule B, there exist sub-
bimodules B’ and B”, with B’ > B" such that B'/B’" is a torsionfree left R/P-
module as well as a torsionfree right R/M -module for some prime ideal M in
R, M 2 Q. By (1) and [GW, Theorem 7.16] we get that R/M is semi-primitive.
Consequently M D Jac(f%) O P (the last inclusion is by Lemma 2.3). Now
since R/ P satisfies the s.l.c., we may apply [GW, Theorem 12.4] to B'/B", as a
R/P — R/M bimodule, and get that K.dim R/P < K.dim R/M. Combined with
P C M, this implies that P = M. Finally P=PNR=MNR2QNR=Q
implies that P = ). The same reasoning is applicable if @ ~ P. ]

Remark: The previous theorem can be generalized to the semi-prime case as
follows. P must be replaced by a “homogeneous” semi-prime ideal ﬂle P;;
namely K.dim R/P;, = K.dim R/P; fori=2,...,s. Now N = (]::1 Q; is a semi-
prime ideal in R, so condition (2) must be replaced by: for every 4, 1 <i < s
there exists j, 1 < j < ¢, so that @; 2 P;. The proof is exactly the same, taking
P = P, and showing that P ~~» @ implies @ = P. The details are omitted.

THEOREM 2.5: Let R be a Noetherian ring satisfying the strong s.l.c. and I an
ideal in R. Suppose
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(1) R/I is a Jacobson ring,
(2) I C N, where N is a semi-prime localizable ideal in R,
(3) R =1lim;R/I" is Noetherian.

Then Iy saasﬁes the AR property in Ry .

Proof: Given V ~ W (or W ~» V) prime ideals in R such that V O I and
C(N) C C(V), by [Brl, 3.1] we need to show that W D I. The proof is exactly
the same as the one for Theorem 2.4. The semi-primitivity of R/ = R/V
(since V D I) is given by the Jacobson property of R/I. W is closed in the {I*}
topology follows as in Proposition 2.2, since I € N. We then substitute V for
P and W for @ in every step of the proof of Theorem 2.4. We conclude with
M DJac(R)2 [ and hence I=INRCMNR=W. |

‘We now apply Theorem 2.4 to obtain a necessary and sufficient condition for
the localization of a non-maximal primitive ideal in the enveloping algebra of a

complex solvable Lie algebra.

THEOREM 2.6: Let g be a complex, solvable, finite-dimensional Lie algebra and
R = Uyg its enveloping algebra. Let P be a non-maximal primitive ideal in R.
Then the following are equivalent:
(1) P is localizable.
(2) lim; R/P* is Noetherian and P is strictly contained in a localizable prime
ideal of R.

Proof: The implication (2} = (1) follows immediately from Theorem 2.4. We
now establish the converse. Let P be a localizable prime ideal of R. By [Mc-R, p.
499] P is generated by a normalizing sequence. Now P being localizable implies
by [Br2, p. 249, 8.1] that P satisfies the AR property. Consequently by [H,
Remark 6.5, p. 340 and Theorem 6.5] we have that R = lim; R/P* is noetherian.

Let N be the intersection of all prime ideals which contain P properly. By [Mc-R,
p. 505] and the primitivity of P, we have that N O P. So N = P;N---NP, where
{P]|i=1,...,r} are the primes of R minimal with respect to strictly containing
P. Let I'(g) be the subgroup of ¢*, generated by the Jordan-Hdlder values (of the
adjoint representation) of g (e.g. [BAC] or [Br2]). It follows from [Br2, 2.9 (iii)],
and the localizability of P, that 7,(P) = P for each A € I'(g), where 7, is the
winding automorphism associated to A (e. g. [Br2]). Consequently 7,(N) = N,
for each A, which implies [Br2, 2.5] that {Py,..., P.} is a finite union of cliques.



Vol. 96, 1996 NOETHERIAN P.I. RINGS 123

Say {P1,..., Pi}, k <r,issuch aclique, then V = P, n---N Py is localizable
and clearly V O P. Now [Br2, Theorem 2.13] implies that k = 1. |

3. Examples of McConnell, Jordan, Ramras and the trace ring

In the first part of this section we show that one cannot drop any of the condi-
tions of Theorem 2.4, by using earlier examples by J. McConnell and D. Jordan,
designed for related but different purposes. Surprisingly, an old example of
Rarras will do as well.

In the second part of the section, we shall show how to omit condition (2) of
Theorem 2.4 in case R = T(R).

Example 3.1: [Mcl]. Let A = K[v,y] be the polynomial ring in two variables
over a field K with char K = p > 0. Set R = Alz;a], the skew polynomial
ring obtained by using the K-automorphism «, given by a(v) = v +y and
a(y) = y. Let P = vR+ zR. Then, as in ([Mcl] Sec. 3), N, P™ # {0},R =
lim; R/ P™ is not Noetherian and P is not localizable. However, R/P = Kl[y]
bging semiprimitive establishes condition (1) of Theorem 2.4. Also N = yR +
vR + zR i1s a maximal ideal which is generated by the centralizing sequence
{y,v,z} (the order here is important). Therefore, by standard results (e. g. [Mc2,
Lemma B], [Mc3, p. 309]), N satisfies the AR property and hence is localizable.
Consequently, condition (2) of Theorem 2.4 is satisfied. However, as stated above,
condition (3) is not valid and P is not localizable. Also, since Z(R) = A%[zP],
we have that R = T'(R), the trace ring of R.

Remarks: (1) McConnell described this example over any fie}d K. The restric-
tion char K = p > 0 is made in order to turn R into a P.I ring (and actually a
finite free module over its normal center).

(2) McConnell’s example was originally given in order to provide an example
of a Noetherian ring R with a prime ideal P so that R is not Noetherian as well

as (N, P™ # {0}, but N, P~ = {0}.

Example 3.2: [J1, Example 4]. Let A = K{[v,y]] where K, v,y are as in the
previous example and R = Afz;a] where a is the K-automorphism given by
a(w)y=v+y,aly) =y. Let P=vR+zR and N = yR+vR+ zR. As in the
previous example one sees that N is a maximal ideal with the centralizing set
of generators {y,,r} and hence localizable. It is shown in [J1] that (), P™ =
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{0}, N, P™ # {0} and R = lim,R/P™ is Noetherian. Now, (), P®™ # {0}
implies that P is not localizable. Observe that conditions (2) and (3) of Theorem
2.4 are satisfied but (1) is not, since R/P = Kl{[y}] is not semi-primitive.

Remark: Originally, D. Jordan’s example was given in order to refute the im-
plication: “R is Noetherian = [}, P(™ = {0}, as conjectured by Small-Stafford
[S?].

Surprisingly, an equivalent example could be obtained by using a variation of
an example of Ramras as follows.

Example 3.3: [Ra]. Let A be a commutative regular local complete ring with
2 being a unit in A, e.g., A = K[[z,y, 2]]. Define the quaternion algebra R =
All,a,B,a0] by setting o = z+ 22, 2 =y, af = —fa (i. e. R is A-free
with generators 1, «, 8, Bc). It is shown in [Ra, Example 1(b), p. 351] that R is
local, and gl.dim R = 3. Let m = (z,y,2). So R, being a finite(free) module
over the complete commutative ring A, is complete with respect to { N'}, where
N = zR+aR+ 3R is its unique maximal ideal. Now if P = (a —2)R+zR+ B8R
and Q@ = (@ + z)R+ 2R+ (R, then P and Q are distinct prime ideals in R with
PnA=QnNnA=(z,vy). So, since Z(R) = A, we have that P is not localizable in
R (this can be deduced from Miiller’s result [GW, Theorem 11.20] or directly).
However lim, R/P™ is Noetherian since lim,R/P™ = R (the completion of a
complete ri;g R with respect to a finer to;ology is equal to R). Observe that
Z(R) = A is a normal domain, which implies that T(R) = R. Hence, by [BS] or
[B2], N,, P™ # {0}. 1

Remark: Taking A = K|x,y, 2] in the previous example provides an example
which could replace the one given by McConnell. We omit the rather easy details,
but remark that in order to show that R is not Noetherian one can use Theorem
2.4.

Example 3.4: 'We now produce an example of a non-localizable prime ideal P in
R such that (), P* = {0}, and P satisfies conditions (1), (3) of Theorem 2.4, but
does not satisfy condition (2). Indeed let P be any maximal ideal in a Noetherian
P.IL ring such that P is not localizable and (), P* = {0} (e. g. [S?]). Clearly (1)
is valid and (3) holds by [B1, Theorem 14].

Our next result, relevant to our considerations, is, surprisingly, new.
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PROPOSITION 3.5: Let R be a ring such that every semi-prime homomorphic
image of R is Goldie. Let N be a localizable semi-prime ideal in R[t]. Then
N N R is localizable in R.

Proof: Let s € C(NNR) and r € R. Clearly s € C(N), hence s™!r = p(t)g(t)~!
where ¢(t) € C(N). Suppose that there exists a polynomial u(t) € R[t] where the
highest non-zero coefficient a of g(t)u(t) is regular mod{NNR). Then rq(t)u(t) =
sp(t)u(t). Let b be the highest non-zero coefficient of p(¢t)u(¢). Then ra = sb
which implies that s™!r = ba~!, a € C(N N R), b € R. To show that such u(t)
exists we pass to R = R/N N R C R[t] = R[t]/(N n R)[t]. Now, that g(t) is
regular in R[t] follows from C(N) C C((N N R)[t]). Hence q(t)R][t] is essential in
R][t], so for every non-zero right ideal p in R, we have q(¢)R[t] N p[t] # 0. Let K
be the set of all highest coefficients of elements in ¢(t)R[t]. Then K N p # 0 for
each p. Now, K being a right ideal implies that K is essential in R and hence
contains a regular element. |

The following is an interesting corollary, the converse of which seems to be
open.

ProOPOSITION 3.6: Let R be a Noetherian ring and t a commuting variable. If
R[t] has a classical quotient ring then so does R.

Proof:  Clearly Cr(0) = Cgry(0) N R. Now by [S'] we have that Cpp(0) =
C(Vi)n---nC(V,) where {Vi,...,V,} is the set of regular primes in R[t]. Clearly
Cr(ViN R) = Crpy(Vi) N R. Hence Cr(0) =Cr(ViNR)N---NCr(V, N R). Now
by assumption V1 N---NV, is localizable and by Proposition 3.5 this implies that
(VinR)n---n (V. N R) is localizable, that is Cr(0) is an Ore set. ]

We shall now show that condition (2) of Theorem 2.4 is not needed in case
R = T(R)}, the trace ring of R.

THEOREM 3.7: Let R = T(R) be a prime Noetherian P.I. ring and P a prime
ideal in R with (), P™ = {0}. Then the following statements are equivalent:
(1) P is localizable,
(2) N, P = {0},
(3) P satisfies the AR property,
(4) lim; R[t]/ P*[t] is Noetherian.

Proof: Clearly (1) implies (2). That (2) implies (1) follows from [BS] or [B2, p.
86]. We next establish the implication: (4) = (1). By Lemma 4.2, Proposition
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3.5 and T(R[t]) = T(R)[t], we may change notation and assume that P is semi-
primitive and R is Noetherian. Clearly R C R. So there exists a minimal prime
ideal Q in R, with Q N R = {0}. Now P C Jac(R) (by Lemma 2.3) implies that
P +Q/Q C Jac(R/Q). 1t is standard that every prime minimal over Jac(R/Q)
is the intersection of the primitive ideals containing it and therefore it is semi-
primitive. Consequently every prime which is linked to it is semi-primitive (by
[GW, Theorem 7.16]), hence it must contain Jac(R/Q).

Therefore if {V;/Q,i=1,...,s}, are the minimal primes over Jac(2/Q) with
the highest Krull co-dimension, then Ny = (;_,(V;/Q) is localizable semi-prime
ideal in R/Q. Consequently ),(N1)® = {0}. However, since N; 2 P + Q/Q,
then _, Vi 2 P. Also by R/P = R/P, we have that V;N R is a prime ideal in R
fori=1,...,sand C(N) C C(Ny) where N = _,(ViNR). Now C(N) C C(N;)
implies that (), N® = {0}. Therefore by an extended version of [B2, p. 88],
N C N,, where N; is a semiprime localizable ideal, obtained by intersecting
some of the primes which are minimal over N. All the conditions of Theorem 2.4
are now satisfied and P is therefore localizable.

We now prove the implication (1) = (3). Let p = PN Z(R). Recall that by
[BW, Proposition 3] P is the unique prime in R contracting to p. Consequently,
by the Going-Down property of T(R) [B2, p. 82], P is the only prime of R
which is minimal over pR. Hence P¢ C pR for some e. But pR has the AR
property because it is centrally generated ([Mc-R] 4.2.6); hence P satisfies the
AR property.

Finally, in order to show that (3) implies (4) we use the previous implication
to conclude that Pe(t] C p[t]R[t]. Consequently lim;R([t]/ P[] = lim; R[t]/p’ R[t]

and the latter is Noetherian by standard commutative algebra arguments. |

4. Completion and the AR property

In this section, we first show that the (weak) AR property of I implies that R is
Noetherian. We then use Theorem 2.5 to establish Theorem 4.6.

The next theorem should have been known. However, in the only reference we
could find [Mc3], the same conclusion is proved with the additional assumption
that the ideal has a normalizing set of generators plus other conditions (but no
P.I. assumptions are required).

Recall that an ideal I satisfies the left (weak or topological) AR property, if
for every left ideal L in R there exists an integer n such that I"N L C IL.
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THEOREM 4.1: Let R be a left Noetherian P.I. ring and I an ideal in R which
satisfies the left AR property. Then R = lim;R/I* is a left Noetherian P.I ring.

Proof: We may assume that (), I’ = {0} and therefore R C R. The proof

follows the same pattern as [B1, Theorem 14], with a few additional changes.
Recall that, by the AR property, the topologies {I*L}, {I* N L} are equivalent

for every left ideal L in R. Consequently RL = lim; L/I'L = lim;L/T'N L =

closures (L) = N:(I* + L), where the first equality is given by [Ro, p. 118] (or
Lemma 2.3(2)) and the rest are as in [Bl, Lemma 4]. Furthermore, by [B1,
Lemma 6] WR C closure #(W), for every two-sided ideal W in R. Hence RW =
closure 4 (W) 2 W R shows that RW is a two-sided ideal in R.

The rest of the argument is identical to the one in [B1l, Theorem 14] and
therefore the details are omitted. |

The next lemma is a slight generalization of a (unpublished) result due to
Goodearl-Stafford).

LEMMA 4.2 (Goodearl-Stafford): Let R be a Noetherian ring and suppose that
P ~» @ are linked prime ideals in R[t]. Then either PNR=QN R or PN R ~
QNR.

Proof: Suppose that the link P ~» @ is given by the bimodule B = PN Q/A.
Let Py = PNR, @ = QNR and By = PLNQ;/ANR. Note that Bj is torsionfree
on each side as R/P; — R/Qy bimodule. We shall consider two separate cases.

CASE 1: By #0. Then P, ~» @ is given by the torsionfree bimodule B;.

CAsg 2: By = 0. Hence ANR = Py N Q1. Consequently, by considering
R/Py N Q1 C R[t]/A, we may assume that P; N Q; = {0}. Say P, is a minimal
prime in R, then Cr(P;) is an Ore set in the semiprime ring R and hence an Ore
set in R[t]. Now it is easy to see that Cr(Py) C Cp(y(P) and being an Ore set, we
have, since P ~ Q, that Cr(Py) C Cgpj(Q) (e-g., by [GW, Lemma 12.17]). Now
Cr(Q1) = Crpy(Q) N R implies that Cr(Py) C Cr(Q1) and therefore Py O @, as
desired. The same argument works if Q; is minimal. |

COROLLARY 4.3: Let R be a Noetherian P.I. ring and I an ideal in R which
satisfies the left AR property. Then I[t] satisfies the left AR property in R[t].

Proof: Let V ~» W be prime ideals in R[t] with V D I[t]. By [Brl, 3.1] we need
to show that W D I[t]. We have, by Lemma 4.2, that either VN R ~» W N R,
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or VN R =W nNR. In the former case, we have, since ] C V N R and the AR
property of I, that I C W N R. Hence I[t] C W as needed. HVNR=WNR
then I C VN R=WnN R and therefore It] C W. 1

The next lemma is well known.

LEMMA 4.4: Let R be a ring, and I an ideal in R and S an Ore set in R with
INS = 0. Suppose I satisfies the left AR property in R. Then Ig satisfies the
left AR property in Rg.

Recall that S = {f € R[t]| f is a non-constant monic} is a multiplicatively
closed set in R[t] and, by [RSS, Proposition 2.2, S is an Ore set in Rt]. Observe
that SN R = . We denote R{t) = RJt]s. As a corollary of the previous two
results we have:

COROLLARY 4.5: Let R be a Noetherian P.I ring and I an ideal in R which
satisfies the left AR property in R. Then I{t) = I[t]s satisfies the left AR
property in R(t).

We are now able to prove the following.

THEOREM 4.6: Let R be a local Noetherian P.I. ring and I an ideal in R. Then
the following are equivalent:

(1) I satisfies the AR property.

(2) lim; R(t)/I*(t) is Noetherian.

Proof: We first assume (1). So, by Coroolary 4.5, I{t) satisfies the AR property
and consequently, by Theorem 4.1, lim;R(t)/I*(t) is Noetherian. Conversely
assume (2) and let N = Jac(R). Then l;/ Lemma 4.2, N () is a localizable prime
ideal in R(t) with I{t) C N{t). Also by [RSS, Theorem 2.8] R(t) is Jacobson
ring. All the conditions of Theorem 2.5 are now satisfied, implying that I(t)n
satisfies the AR property. Let V DO I be a prime ideal in R with V ~» W (or
W < V). We need to show that W 2 I. Now V[t] ~» W(t] and SN V[t] = §
implies that V{t) = V[t]s ~» W[t]ls = W(t). Also V(t) C N{(t) as well as
W (t) C N{t) implies that V()N ~ W(t)n(y. Hence, by the AR property of
I{t)n(yy, we conclude that I(t)ny C W(t)n(,. Consequently I C W. 1

Remark: The version of Theorem 4.6 in the semi-local case requires the following
addition to condition (2): Given a maximal ideal M in R with I € M then I C Q,
for every Q € clique(M). We omit the proof which resembles the previous one.
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5. K.dim R/P =1

The main purpose of the present section is to prove the following result. We then
prove Theorem 5.7.

THEOREM 5.1: Let R be a left Noetherian P.I ring and P a (semi) prime ideal
satisfying

(1) P is left localizable,

(2) P is a finitely generated right R-module,

(3) K.dim R/P =1.
Then R = lim; R/ P? is left Noetherian.

We will need the following:

LEMMA 5.2: Let S be a prime left and right Goldie ring and M a finitely gen-
erated torsionfree right S-module. Let I be an ideal in S satisfying (), I* = {0}.
Then (N, MI* = {0}.

Proof: Clearly M C M ®gs Q(S), the latter being a finitely generated projec-
tive right Q(S)-module and therefore is embedded in a free right Q(S)-module
G. Consequently if g1,..., g, are the free generators of G over Q(S), then we
can multiply g1,...,9» by s7},s € C(0) such that the generators of M are S-
linear combinations of g157%,...,g,5". An easy examination shows that f; =
9157, ..., fn = gn5" ! is a free set of elements over S. Hence F = f1 S+ -+ f, S
is a right free S-module and clearly M C F. Finally MI* C FI* for each i and
M, FI* = {0} since it holds at each component. |

COROLLARY 5.3: Let VW be prime ideals in a P.I. ring R and let A be an ideal
with VW C A C VNW such that VN W/A is a finitely generated torsionfree
right R/W-module. Suppose 0 # I is an ideal in R/W with (), I' = {0}. Then
there exists a descending chain of ideals {V;} in R, ACV; CVNW for each 1,
and [, V; = A.

Proof: Take M = VNW/A and S = R/W, use the previous lemma and set
V; = the preimage of MI* in R. |
Proof of Theorem 5.1: Since R = lim;R/P? we may assume that (), P* = {0},

that is R C R. For the sake of convenience we also assume that P is prime.
Let M be a maximal member in F = {I | I is an ideal in R, I is not a finitely
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generated left R-module}. Using [B1, Lemma 11], we assume by negation that
F#0.

As in [B1, Lemma 12], M is a prime, non-maximal, ideal in R and f?/M is left
Noetherian. Consequently, by Cauchon’s Theorem (e.g. [Mc-R, 13.6.15]), R/M
is also right Noetherian. Also P = RP = PR (by Lemma 2.3), hence P is finitely
generated as a left and right R-module.

The proof, from now on, will proceed in steps.

STEP 1: Let V be an ideal in R satisfying PM C V C PN M and
r-anng (PN M/V) > M. Then PN M/V is a finitely generated left and right
R-module and consequently R/V is left and right Noetherian.

Indeed let I = r—annR(P N M/V). So, by the maximal choice of M, I is a
finitely generated left R-module. Furthermore (P NM)I C V, implies that I/V
is a finitely generated left R/P N M-module. Now R/P N M is a semi-prime left
and right Noetherian ring, since R/P & R/M is a left and right Noetherian ring
and is a finite central extension of R/P N M. Consequently PN M/V CI)V is
a finitely generated left R / PN M-module. Also PN M /V is a finitely generated
right R-module since P M/V C P/V, the latter being a finitely generated right
R/M-module, and R/M is Noetherian. Consequently, since R/P N M is left and
right Noetherian and Nil-(R/V) = P N M/V is finitely generated as a left and
right ideal, we get by standard results that R/V is left and right Noetherian.

STEP 2: r-anng(Pn M/PM) = M. Otherwise take V = PM in step 1 and
deduce that R/PM is left Noetherian. Consequently M/PM is a finitely gener-
ated left R-module. Thus by standard results (e.g., [N, Theorem 30.6]) M is a
finitely generated left R-module. A contradiction.

STEP 3: The construction of A. Let A be an ideal in R satisfying

(1) PMCAcCPnM,

(2) A is maximal such that P N M/A is a faithful right R/M-module.
The existence of A is possible by step 2 and by the fact that P n M / PMis a
finitely generated right, Noetherian, IA{/M -module.

STEP 4: PN M/A is a torsionfree right R/M-module. We firstly state an easy
lemma, the proof of which is left to the reader.

LEMMA: Let T be a right module over a prime P.I. ring § and cx = 0 for some
c € T where z is a regular element in S. Then ¢ = 0 for some 0 # é§ € Z(S).
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Now, let C C PN M/A be a sub-bimodule which is right torsion over R/M.
By the right Noetherian property of PnM /A, we have that C is a finitely
generated R/M-module, C' = ¢;R/M + --- + c,R/M. Let 0 # 6; € Z(R/M)
so that ¢;6;, = 0, 1 = 1,...,7 and set d = §;---6,. Then clearly ¢;d = 0 for
i=1,...,r and Cd = 0 (since d is central). Consequently r-annz(C) D M. Now
C = C1/A, C; D A, so by the maximality of 4 (step 3) PﬂM/C’l is an unfaithful
right 2/M module. Hence, there exists z € R — M satisfying (P N M)z C Cy.
Also, since r-annz(C) D M, there exists s € C(M) N r-anng(C). Therefore,
(PN M)zs C Cys C A. Consequently zs € r—annR(P NM/A) =M (by step 2).
Therefore, we get, since s € C(M), that z € M. An obvious contradiction.

STEP 5: A is closed in the {P'} topology. That is A = (A + P?). Consider
the bimodule P N M /A. Clearly if 2z # 0 is a non-invertible central element
in R/M, then (), 2*R/M = {0}. So by Corollary 5.3, there are ideals {V;}
in R, satisfying A C V; C Vi_; € PN M and N; Vi = A. By steps 1 and
3, R/Vi is a left and right Noetherian P.I. ring for each i. Consequently by
Jategaonkar’s Theorem [GW, Theorem 12.8], (), Jac™(R/V;) = {0}, for each i.
Now P + V;/V; C Jac(R/V;), implies that ), (P" + Vi) = V;, for each i. Hence
NP+ 4) S NANL (PP + Vi) =N Vi = A,

STEP 6: Separation into cases. Let @ = M N R. Recall that R/M is left and
right Noetherian and P + M/M C Jac(R/M). Hence, (), Jac'(R/M) = {0} and
therefore N;(P* + M) = M. Consequently by [B1, Theorem 131)] @ =MnNR
is a prime ideal in R. Recall that PN R = P. We now need to deal with two
separate cases, namely Case (1): PN@ D ANR, and Case (2): PNQ = ANR.

STEP 7: Case (1). We have PNQ D AN R. Recall that by [B1, Theorem 13(ii)]
p.i.deg.(R/Q) = p.ideg.(R/M) and consequently C(Q) C C(M). Therefore, by
Step 4, PN Q/ANR is a torsionfree right R/Q-module. Now R/Q is a prime
left Noetherian P.I. ring, hence, by Cauchon’s Theorem, a right Noetherian ring.
Consequently, since P/AN R is a right finitely generated R/Q-module, we have
that P/AN R is a right Noetherian R-module and therefore PNQ/AN R, being a
submodule, is right Noetherian as well. Furthermore, R/ PNQ being left Noether-
ian and semi-prime, is right Noetherian. Thus R/ANR is a left and right Noether-
ian P.I. ring and B = PN Q/ANR is a finitely generated R/P — R/Q bimodule.
Consequently, by (GW, Theorem 12.4] (applied to R/ANR), K.dim R/{-annpB =
K.dim R/r-anngB. By step 2 and the above, we have that Q = r-anngB. Set
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K = f-anngB. Clearly K DO P. If K D P, then K is co-Artinian and therefore
K.dim R/Q = 0, that is Q is maximal. Now (),(P* + M) = M implies that
N,(Pi+Q) = Q. So, by the maximality of Q, we have P C Q. Hence PC Q C M
and therefore M is left finitely generated. If K = P then P/JANR~ Q/ANR is
a link in the two-sided Noetherian P.I. ring R/A N R. So, the left localizability
of P implies that P/AN R = Q/AN R. Consequently P = @ and, therefore
P = (Q C M and we finish as before.

STEP 8: Case (2). We have PN Q = AN R. Consequently QP C A and
therefore QT? C A = A, where the last equality is due to step 5. However, by
Lemma 2.3, QP C Cj}\’ implies QP C A. We need the following, where [,] denotes
the commutator:

CLAIM: Let z € P and [z,R] C Q. Then [2%,R] C A. Indeed [2%,R] C
2[z, R] + [z, R]z C PQ + QP C A.

We shall show now that P C Q. Suppose by negation that P ¢ Q. We can
find z € P — Q with [z, R] C Q (that is Z is central in R/Q). Consequently Z
is central in (}%) = R/Q. Hence, if z; denotes the image of z in R/A, we
clearly have that z2(P N M/A) = 0. Hence, by the Claim, (P N M/A)z} = 0.
Consequently 22 € 7"—ann1~2(13 NM/A) =M. So 22 € M N R = Q. This, together
with the centrality of z in R/Q, imply that z = 0, that is z € Q. An obvious
contradiction. Finally P C @ implies P c Q C M. Hence, M is a finitely
generated left R-module. 1

Remarks: 1. It is remarkable that in case (2) we neither used the left localiz-
ability of P nor the K.dim R/P = 1 assumption.

2. It would be nice to remove the right finite generation assumption on P.

3. Theorem 5.1 is valid for P a semi-prime ideal. The proof is practically the
same.

4. The condition: “P is localizable”, is not necessary for the conclusion
of Theorem 5.1. Indeed, let M be any maximal ideal in a P.I. Noetherian
ring R with (), M* = {0}, but M is not localizable. Then by [B1, Theorem
14] we have that R is Noetherian. By some modifications of the proof one
can prove that actually lim;R[t]/M[t] is Noetherian. So P = M][t] satisfies:
K.dim R[t]/P =1, limiR[tpPi is Noetherian but P is not localizable (otherwise
M would be). -
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PrOPOSITION 5.4: Let R be a Noetherian P.I. ring and P a prime ideal in R.
Suppose:

(1) P is left localizable,

(2) R =1lim;R/P* is Noetherian.
Then P is a left localizable ideal in R.

Proof: We may assume that (), P* = {0} and hence R C R. Now (2) implies that
every two-sided ideal in R is closed with respect to {Jac’(R)}, and consequently
with respect to {P*} since P C Jac(R).

Let Q1 be a prime ideal in R with P ~» Q,. We shall show that P = Q-
Clearly by the previous paragraph, @, is closed. Consequently by [B1, Proposi-
tion 13], @ = @; N R is a prime ideal in R and p.i.deg(R/Q) = p.i.deg(R/Q1).
Hence Cr(Q) C Cp(Q1). Let A be a two-sided ideal in R satisfying PQ, C A C
PNQiand PNQ /Ais R/P - R/Q; torsionfree.

Suppose firstly that RN A C PN Q. Then, since R/P R/P and Cr(Q) C
Cx(Q1), we have that PNQ/RN Ais R/P — R/Q torsionfree, which implies by
the left localizability of P that P = Q. Hence P= Q C @:. Now the equality
Q, = P follows from K.dim R/P = K.dim R/Q;.

Next, suppose that RNA = PNQ. Then QP C A and hence, since A is closed
in R, 61?’ C A. The rest of the argument is identical to the proof of Theorem
5.1, step 8. Consequently P C @ and therefore Pc QcC Q1. We conclude as in
the previous case. |

Remark: A similar proof, in which P is assumed to satisfy the left AR property,
implies that P satisfies the left AR property.

We next have the following corollary.

LEMMA 5.5: Let R be a Noetherian P.I. ring and P a prime ideal satisfying
(1) P is localizable
(2) K.dim R/P = 1.

Then P satisfies the AR property in R.

Proof: R is Noetherian by Theorem 5.1. Let VD P,V ~ W (or W ~» V) where
V,W are prime ideals in R. If V = P then the previous proposition shows that
W =P IfV>PthenVis maximal, that is K.dim R/ V = 0. Consequently,
by [GW, Theorem 13.15] we have that K.dim R/W = 0, that is W is maximal.
Now P C Jac(R) forces P C W. 1
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LEMMA 5.6: For every ideal I we have
lim, R[t]/T[t] = lim; B[t/ T°[).

Proof: This is a consequence of the isomorphisms R/I‘[t] & R[t]/I‘[t] and
RPN~ B/ W

We now have the following characterization.

THEOREM 5.7: Let R be a Noetherian P. I. ring and P a prime ideal with K.dim
R/P = 1. Then the following are equivalent:
1. P is localizable,
2. (i) P[t] € N, N is a localizable semi-prime in R[t], and
(ii) lim; R[t}/ P[t] is Noetherian.

Proof: That (2) implies (1) follows from Theorem 2.4. Given (1), then by
Theorem 5.1 we have that R is Noetherian. Consequently, P satisfies the AR
property by Lemma 5.5. Hence, by Corollary 4.3, P[] satisfies the AR property in
R[t]. Therefore lim; R[t]/ P'[t] is Noetherian (by Theorem 4.1). Now by Lemma
5.6, (ii) is established. |

6. Localization does not always imply noetherian completion

Let R be a finitely generated (over a central subring) Noetherian prime P. I. ring
with T(R) # R. We have T(R) = RZ(T(R)) = R[eu, ... , an] where Z(T(R)) =
Z(R)[ai, ... ,as]. There exists a natural onto map

v: R[t1,... ,tn] — Rlai,...,an] =T(R), via

ti — Oy,

Also denote by vy the restriction of v to Z(R)[ty,... ,t,]. Clearly vy is an onto
map

vi: Z(R){t1,. .. ,ta] = Z(r)en, ... o] = Z(T(R)).

We denote by I = kerv, a = kervy and R[ty,...,t,] = R[t]. for every prime
ideal p in Z(T(R)) we clearly have Nil-(pT'(R)) = ﬂle P;, where Py,..., Pg are
the prime ideals in T'(R) minimal over pT(R). It is corollary of the Going-Down
between Z(T(R)) and T(R) {B2, p. 82] that P, N Z(T(R))=p, for i =1,...,s.
We denote by m = Vl“l(p) and M; = v }(P), fori=1,...,s.

The next result is crucial.



Vol. 96, 1996 NOETHERIAN P.I. RINGS 135

PROPOSITION 6.1: Let R, R[t], v, 11, p, m, M;, I, be as above. Then
(1) I is a prime ideal in R[t] with p.i.deg(R[t]/]) = p.i.deg(R);
(2) if I satisfies the AR property, then N = (:_, M, is localizable for every
prime p.

Proof: (1) is clear. To prove (2), suppose that I satisfies the AR property. Fix
1 and suppose that V is a prime ideal with M; ~ V. Now I = kerv C M;,
implies, by [GW, Proposition 11.16] and the AR property of I, that 7 C V. Also
M; ~ V implies by [GW, Lemma 11.7], that M; N Z(R[t]) = V N Z(R[t]). Recall
that Z(R[t])/a = Z(T(R)). We next observe that M; N Z(R[t]) = m. Indeed
let x € M; N Z(R[t]), then y = v(z) € v(M;) Nv(Z(R[t]) = P,n Z(T(R)) = p.
So since z € Z(R[t]) = Z(R)[t], we have that z € v (p) = m. The reverse
inclusion, that m C M; N Z(R|t]), is trivial. Thus V' N Z(R[t]) = m. Hence
V = V/I, satisfies VN Z(T(R)) = p (using m/a = p). consequently since V is a
prime ideal in T(R), we have that V = P;, for some j,1 < j <s. Hence V = M;

for some j. |
We now have an important Corollary.

COROLLARY 6.2: Let R be a Noetherian prime finitely generated P. I. ring and
p a prime ideal in Z(T(R)). Let Nil-(pR) = (.., P and suppose that K =
Mi=1(P:N R) is not localizable. Then I = kerv does not satisfy the AR property.

Proof: Suppose by negation that I satisfies the AR property. Then by Proposi-
tion 6.1, and continuing with the notation used there, N = (7_, M; is localizable
in R[t]. Consequently, by Proposition 3.5, N N R = ();_,(M; N R) is localizable
in R. Now it is easy to check that M; "R = (M;/I)Nn R = P,N R, for each i and
consequently K = N N R is localizable, a contradiction. ]

Remark 6.3: 1t is very easy now to produce a prime Noetherian P. 1. ring S,
finite module over its Noetherian center with I, a prime ideal in S, p.i.deg(S) =
p.i.degS/I, but I does not satisfy the AR property. Indeed take any prime
Noetherian P. I right R, finite over its center, with P a maximal ideal such that
M; P* = {0}, but P is not localizable. Then by [B2, Theorem 9] there exists
a maximal ideal p in Z(T(R)) such that , "R = P, for i = 1,...,s where
N;—, P. =Nil-(pT(R)). Then S = RJ[t], and I = ker v will do. To find such an R
we either take R from [S?] or as in [BS).

We can make S semilocal by localizting it at a suitable maximal clique with
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(at least) one of its memebers containing I. However, we would like to have a
local example with some special features as in Example 6.6.

In order to achieve this we need the following.

PrROPOSITION 6.4: Let R C S be Noetherian P. I rings and K and ideal in S
with K C R. Let V| # V,, be prime ideals in S where K € V;, for i = 1,2. Then
Vi ~» Vo implies ViN R~ Vo N R.

Proof:  Let V; NV, /A be a torsionfree §/V; — §/V5 bimodule given by V; ~ V5.
Observe that R/V; N R 2 R + V;/V; has the same quotient ring as S/V;, since
K +V;/V; is a common ideal, for i = 1,2. Hence V; N R is a prime ideal in R,
i=1,2. If (VinR)N(VaNR) # ANR then ViNR ~» VoNR as needed. Suppose by
negation that (ViNR)N(V2NR) = ANR, hence (VoNR){(VINR) C A. Also VonK ¢
V1N R because VoNK C V; implies V5 C V3 ro K C Vi, an obvious contradiction.
So, there exists § € VN K, with 0 # 6 € Z(R/ViNR). Since R/ViN R and S/V;
have the same quotient ring we have that 6§ € Z(S/V;), that is [6, 5] C V1. Now
62[6, 8] C 62Vy C §(KV4) Cé(KnVy) C (Van R} (ViNR) C A. Consequently
[63, 8] C 6%[6, S]+[62,5)6 C A+[82,5)6 C A+V16 C A+Vi(VonNK) C A+ V, C
A. Let § = S/A, then 83 is central in S, moreover f-anngV; NVa/A = Vi /A=W,
and r-ann;Vy N Va/A = Vy/A = Vy. Now 68 € Vs, so by the centrality of 83, we
have 63 € V; that is 3 € V4. Since § is central in S/V;, this implies § € Vi, a

contradiction. |

COROLLARY 6.5: Let R, S, V4, V4, K be as in the previous proposition and P a
prime ideal in S such that P C Vi, P ¢ V,. Then

(1) PN R does not satisfy the AR property in R, and

(2) PN R is a prime ideal in R and p.i.deg(R/P N R) = p.i.deg(S/P).

Proof: That PN R does not satisfy the AR property follows from the previous
result. Indeed if PN R C V,, then P N K C V5, which leads to an obvious
contradiction. Now, R+ P/P and S/P have K + P/P as a common non-trivial
ideal. Hence R+ P/P = R/P N R is a prime ring with the same p.i. degree as
S/P. |

The construction of Example 6.6

Let A be an affine prime P.L. ring finite module over its center with the following
properties:
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(1) K.dim A =1,

(2) (); M* = {0} for some maximal ideal M which is not localizable.

The existence of such is given by e.g. [BS, Remark 2, p. 330]. Let z be a new
variable and B = A[z]. Now, set

S = B[t1,...,t,] where T(B) = Blay,...,an]
and

v: S —>T(B), via

t —

is the canonical homomorphism as described at the beginning of the section.
Also we denote I = kerv. So, by Remark 6.3, I does not satisfy the AR prop-
erty. Now, by [B2, Theorem 9] (or by direct calculation), there exists a clique
{P{,..., P} in T(A) with PN A = M for : = 1,...,s. Consequently, using
T(B) = T(A)[z],{Pi[z],..., Pl[z]} is a clique in T(B) with P/[z] N B = M[z]
for each 5. Set P; = P/[z], and M; = v~Y(P,) for i = 1,...,s. Therefore
(Ni—; ) N B = M{z] and M[z] is not localizable, since M is not localizable.
Now, if ();_; M; is localizable in S, then, by Proposition 3.5, (N;_, M;) N B is
localizable, but (N;_, M;) N B = (-, P.) N B = M{z], which leads to a con-
tradiction. Consequently, there exists a prime ideal V in S with M; ~» V (or
Vo~ M;) for some 1 < j < s, but V # M, for each i. If I C V then the proof
of Proposition 6.1 shows that V = M; for some i. Hence I € V. We denote by
M; =V and V = V,. Let Ny D V; be a maximal ideal and {N;,...,N;} =
clique(Ny). Set N = (;_; N;. It is clear that C(N) C C(V;), hence by [GW,
Lemma 12.7}, C(N) C C(V,), which implies that V, C Ny, for some 1 < j < t.
Finally set R = Z(S) + N. We need to show that R satisfies all the required
properties. First, since Z(R) = Z(S), we have that R is a prime affine P.I. ring
which is a finite module over its Noetherian center. Next, N is semi-maximal in
S (and is a maximal ideal in R), so being in addition localizable in S, it satisfies
the AR property in S. This immediately implies that N satisfies the AR property
in R, and so, by the maximality of N in R, we have that N is localizable in R.
Now, by Corollary 6.5, the prime ideal / N R does not satisfy the AR property
in R and clearly INRC ViNn R C NyNR = N. Furthermore (I N R)y does
not satisfy the AR property in the local ring Ry since Cs{N) C Cs(Va) an
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therefore Cr(N) C Cr(V2 N R) which shows that (Vi N R)y ~ (Vo N R)x , but
(INR)n € (V2N R)n although (INR)y C (Vi NR)y. Also lim;R/(I N R)* is
not Noetherian by Theorem 2.5. The rest of the properties of Example 6.6, as
stated in the introduction, can now be easily shown. |

To clarify the AR property notion, we add the following.

LEMMA 6.7: Let R be a finite module over its Noetherian center and P is a prime
ideal in R. Set p = PN Z(R). Then P satisfies the AR property iff P* C pR for
some k.

Proof: Say P* C pR. Given a left (right) ideal L in R we have pRN L C pL
for some e. Consequently P** N L C p*RN L C pL C PL. Conversely, suppose
P satisfies the AR property and V' O pR a minimal prime. If V # P, then, by
Miiller’s result [GW, Theorem 11.20], since P is localizable, VN Z(R) =v D p.
Therefore, by the Going-Up property, there exists a prime ideal W in R, with
W D> P and WnN Z(R) =v. Now, VN Z(R) = Wn Z(R), implies that V €
clique(W) (by Miiller’s result). Therefore by (GW, Proposition 11.16] we have
that P C V as needed. |

Remark 6.8: Example 6.6 is also a P.I. counterexample, to a question of Small-
Stafford [S2]. P being localizable implies that [,, P(™) = {0}. A non-P.I. example
is already given in [J2]. Consequently, Example 6.6 provides a counterexample
to a question of Jordan [J2, Remark 2, p. 233].
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